Let [n] k and [n] l (k > l) where [n] = {1, 2, 3, ..., n} denote the family of all k-element subsets and l-element subsets of [n] respectively. Define a bipartite graph G k,l = ( [n] k , [n] l , E) such that two vertices S ǫ [n] k and T ǫ [n] l
Introduction
Let G = (V, E) be a simple graph, a set S ⊆ V is a dominating set if every vertex not in S has a neighbour in S. The minimum size of a dominating set in G is called as the domination number of G and is denoted by γ(G).
Let G k,l denote the bipartite graph G = ( [n] k , [n] l , E) where [n] = {1, 2, 3, ..., n} for n > k > l ≥ 1; [n] k and [n] l denote the family of all k -element subsets and all l -element subsets of [n] respectively. Two vertices S ǫ [n] k and T ǫ [n] l are adjacent iff T ⊂ S. As mentioned in [1] , the family [n] k is called the k th level of the n-cube and G k,l is called as the graph defined by the k th level and the l th level.
In [1] , Badakhshian, Katona and Tuza proved that γ(G k,1 ) = n − k + 1 for k ≥ 2. Also, they posed the following conjecture.
Results
In this section, we disprove the conjecture for k = ⌈ n 2 ⌉ + 1 and k = n − 1 for n ≥ 10 and n > 2 respectively. Also, we give an upper bound for the domination number of G k,2 for k > ⌈ n 2 ⌉. Theorem 1. γ(G k,2 ) ≤ ⌈ n 2 ⌉ + 6 for k > ⌈ n 2 ⌉. Proof. Let S and T be the two k-element subsets of [n] such that S ∪ T = [n].
Let k be even, then define the set A as
where P 1 , P 2 , P 3 , P 4 be the k-element subsets of [n], which are defined as follows:
Let k be odd. Since k > ⌈ n 2 ⌉, there exist an element l(say) which belongs to S ∩ T . Define the set A as
Let {a, b} be any 2-element subset of [n], then a, b ∈ S ∪ T . If, both a, b are the elements of S or T , then the set {a, b} is dominated by S or T respectively. If not, without loss of generality, it follows that a ∈ S and b ∈ T . By the definition of S 1 , S 2 , T 1 and T 2 , a belongs to S 1 or S 2 and b belongs to T 1 or T 2 . This implies that a, b belongs to P i for some i, i = 1, 2, 3, 4. Hence, A dominates every 2-element subset of [n].
Let B be the set of ⌈ n 2 ⌉ 2-element subsets of [n] such that B spans [n]. Let S be any k-element subset of [n], then |S| ≥ ⌈ n 2 ⌉ + 1. Suppose that, no element of B is adjacent to S. Then for every element {x, y} of B, S contains either x or y but not both, implies that |S| ≤ ⌈ n 2 ⌉, which is a contradiction. Hence, B dominates every k-element subset of [n].
Therefore, γ(G k,2 ) ≤ |B| + |A| ≤ ⌈ n 2 ⌉ + 6 for k > ⌈ n 2 ⌉. Hence, the proof. Theorem 2. γ(G n−1,2 ) = 3.
Proof. Let P 1 = {1, 2, 3, . . . n − 1}, P 2 = {2, 3, 4, . . . , n}, P 3 = {1, n} and D = {P 1 , P 2 , P 3 }. Now, we show that D is a dominating set of G n−1,2 . Let S be any vertex of the graph G n−1,2 , then S is either an (n − 1)-element set or a 2-element set.
Let S be an (n − 1)-element set, then S will be of the form [n] \ {i}. If S ∈ D we are done, if not S contains 1, n, therefore S will be dominated by P 3 .
Let S be a 2-element set, then S will be of the form of {a, b}. If S is different from P 3 , then S will be dominated either by P 1 or by P 2 .
Hence, D is a dominating set of G n−1,2 . Therefore, γ(G n−1,2 ) ≤ 3 Now, we prove that γ(G n−1,2 ) > 2. Since G n−1,2 is a bipartite graph, γ(G n−1,2 ) ≥ 2. Suppose that γ(G n−1,2 ) = 2, then the dominating set contains one (n − 1)element set (say A) and one 2-element set (say B). Let A = [n] \ {i}, then any 2-element set of the form {i, x} different from B will not be dominated either by A or by B. Hence, γ(G n−1,2 ) > 2. Therefore, γ(G n−1,2 ) = 3. Hence, the proof.
From Theorem 1, we have γ(G k,2 ) ≤ ⌈ n 2 ⌉ + 6 for k > ⌈ n 2 ⌉, and from Theorem 2, we have γ(G n−1,2 ) = 3.
Conjecture 1 states that γ(G k,2 ) = k+3 2(k−1)(k+1) n 2 + o(n 2 ) for k ≥ 3. Let k = n − 1, then from Conjecture 1, we get γ(G n−1,2 ) = n − 1 + 3 2(n − 2)(n) n 2 + o(n 2 ) ≥ (n + 2)n 2 2(n − 2)n = n 2 + 2n 2n − 4 = n 2 + 2 + 8 2n − 4 > n 2 + 2 for n > 2 > 3 for n > 2.
Then from Theorem 2, it follows that the Conjecture 1 is not true for k = n−1 and n > 2.
Let k = ⌈ n 2 ⌉ + 1, then Case 1: If n is even, then k = ⌈ n 2 ⌉ + 1 = n 2 + 1. From Conjecture 1, we get γ(G k,2 ) = n 2 + 1 + 3 2( n 2 + 1 − 1)( n 2 + 1 + 1) n 2 + o(n 2 ) ≥ n 2 + 4 2( n 2 )( n 2 + 2) n 2 = n + 8 n(n + 4) n 2 = n 2 + 8n n + 4 = n + 4 − 16 n + 4 > n 2 + 6 for n ≥ 10 = n 2 + 6 for n ≥ 10
Case 2: If n is odd, then k = ⌈ n 2 ⌉ + 1 = n+3 2 . From Conjecture 1, we get γ(G k,2 ) = n+3 2 + 3 2( n+3 2 − 1)( n+3 2 + 1)
n 2 = n + 9 (n + 1)(n + 5) n 2 = n 3 + 9n 2 n 2 + 6n + 5 = n + 3 − 23n + 15 n 2 + 6n + 5 > n 2 + 6 for n ≥ 10
From Case 1 and 2, we get γ(G k,2 ) > n 2 +6 for n ≥ 10. Which is a contradiction to Theorem 1. Hence, Conjecture 1 is not true for k = ⌈ n 2 ⌉ + 1 and n ≥ 10.
